The vapor-liquid equilibrium (VLE) of the Mie potential, where the dispersive exponent is constant (m = 6) while the repulsive exponent n is varied between 9 and 48, is systematically investigated by molecular simulation. For systems with planar vapor-liquid interfaces, long-range correction expressions are derived, so that interfacial and bulk properties can be computed accurately. The present simulation results are found to be consistent with the available body of literature on the Mie fluid which is substantially extended. On the basis of correlations for the considered thermodynamic properties, a multicriteria optimization becomes viable. Thereby, users can adjust the three parameters of the Mie potential to the properties of real fluids, weighting different thermodynamic properties according to their importance for a particular application scenario. In the present work, this is demonstrated for carbon dioxide for which different competing objective functions are studied which describe the accuracy of the model for representing the saturated liquid density, the vapor pressure and the surface tension. It is shown that models can be found which describe simultaneously the saturated liquid density and vapor pressure with good accuracy, and it is discussed to what extent this accuracy can be upheld as the model accuracy for the surface tension is further improved.
Introduction
In process engineering, knowledge of the vapor-liquid equilibrium is crucial for process design. Molecular modelling and simulation based on force fields is a promising way of predicting these thermodynamic properties. However, it is a topic of controversial discussion to what extent effective pair potentials are capable of reproducing bulk and interfacial properties of real fluids at the same time [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The present work reports on bulk and interfacial properties of the Mie fluid and adresses the question of the simultaneous description of these properties by that model. The Mie potential [15, 16] is a generalized version of the Lennard-Jones potential [17, 18] with variable exponents for the repulsive and dispersive interactions. The Lennard-Jones potential has a dispersive exponent of 6, which is physically motivated [19] . This exponent (m = 6) is used here throughout. It is, however, noted that also the exponent m has been varied in studies in the literature [7, 8, [20] [21] [22] . The repulsive exponent of the Lennard-Jones potential was originally set to n = 12 for numerical reasons rather than for physical reasons. Here, therefore, n is varied. Vapor-liquid equilibrium (VLE) data for the single-site Mie potential are available in the literature for many combinations of the repulsive and dispersive exponents [1, 2, [23] [24] [25] [26] [27] . Interfacial properties of the Mie potential were only reported so far by Orea et al. [2] and Galliero et al. [1] .
While it is certain that due to the third parameter the Mie potential (with a fixed m = 6) must be better suited for correlations of experimental data than the two parameter Lennard-Jones potential, it is not self-evident how large the improvement in model accuracy can become.
There are several transferable force field parameter sets for the Mie potential in the literature, e.g. for n-alkanes [28, 29] , perfluoroalkanes [28] , alkenes [30] , n-olefins [29] , ethers [31] . For mixtures of n-alkanes with noble gases, Mick et al. [32] developed force fields based on the Mie potential. The above mentioned models [28] [29] [30] [31] [32] use a dispersive exponent m = 6. A repulsive exponent n = 16 is used for alkenes and alkanes [28, 30] , n = 14 for olefins, alkanes and methane [28, 29] , n = 12 for ether groups [31] , and 36 ≤ n ≤ 44 for perfluoroalkanes [28] . For mixed interactions, the arithmetic mean value is used for the exponents [28] . The parameters of these molecular models were adjusted to bulk properties of the VLE [28] [29] [30] [31] [32] [33] . Moreover, Jackson and co-workers developed a large number of coarse grained models based on the Mie potential, e.g. for CO 2 [7] , CF 4 , SF 6 , R1234yf, n-C 10 H 22 , C 20 H 42 [8] , benzene, n-decylbenzene [34] and water [22] . The parameterization was done indirectly, using the SAFT-γ-Mie [8, 20, 21] or SAFT-VR-Mie equation of state [35, 36] .
In the present work, the single-site three-parameter Mie potential with m = 6 and 9 ≤ n ≤ 48 is studied systematically: the saturated liquid density, the saturated vapor density, the vapor pressure, the enthalpy of vaporization and the surface tension are determined by molecular dynamics simulation of systems that contain a vapor phase and a liquid phase (and the interface between them) and correlated as a function of the model parameters. For this purpose, a long-range correction of the Mie potential is developed for inhomogeneous simulation volumes with planar symmetry. Correlation expressions are derived for the investigated thermodynamic properties of the three-parameter Mie potential. In a case study, these correlations are used for the parameterization of a Mie potential for carbon dioxide. Multicriteria optimization is applied, taking into account several conflicting objective functions: the vapor pressure, the saturated liquid density, and the surface tension.
The work presented here for the Mie potential extends previous work of our group on other molecular model classes, namely the 2CLJQ [4, 6, [37] [38] [39] [40] [41] [42] [43] and the 2CLJD [3, [44] [45] [46] potential.
Simulations with the Mie potential
The Mie potential is given by [15, 16] 
where σ and ǫ are the size and energy parameter, n and m are the repulsive and dispersive exponents and r represents the distance between two interaction sites. For numerical reasons, the intermolecular pair potential in molecular simulation needs to be truncated. However, thermodynamic properties in heterogeneous systems are very sensitive to a truncation of the intermolecular potential [10, 11, 38, [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . For the Lennard-Jones potential, a large variety of long-range corrections (LRC) exist for heterogeneous systems to account for the inhomogeneity, ranging from Ewald summation techniques [57] [58] [59] , the Fast Multipole Method (FMM) [60] and Multilevel Summation (MLS) [61] to slab-based LRC techniques [62] [63] [64] . In terms of the thermodynamic results, the different methods deliver a similar degree of accuracy for Lennard-Jones systems [58, 61, 63, 64] . For the Mie potential, no LRC for heterogeneous systems exist, to the best of our knowledge. To overcome this problem, large cutoff radii are used in the literature (up to 35 A [22] or 10 molecular segment diameters [1] ). Not only the dispersive exponent has an influence on the magnitude of the long-range interactions, which is obvious, but also the repulsive exponent [1] .
The LRC by Janeček [63] for single Lennard-Jones sites based on the density profile can be straightforwardly generalized to the Mie potential. The LRC for the potential energy is given by
where ρ(y k ) is the density in slab k, ∆y is the thickness of a slab and N s is the number of slabs. The lower bound for the integration r ′ is defined according to Siperstein et al. [65] : if the distance ξ = |y i − y k | between a molecule i and the slab k is smaller than the cutoff radius, the cutoff radius is used, and ξ is used otherwise, i.e.
From Eqs. (2) and (3), the following expressions for the contributions of the longrange correction to the potential energy U i , the force F i and the normal and tangential virial Π N,i ,Π T,i can be derived,
These correction terms are valid for single-site Mie models and a center-of-mass cutoff scheme, or for multi-site models if a site-site cutoff radius scheme is used. The corresponding expression for multi-site models and a center-of-mass cutoff scheme are given in the supplementary material.
In the present work, systems were studied where the vapor and liquid phases coexist in direct contact, employing periodic boundary conditions, so that there are two vapor-liquid interfaces which are oriented perpendicular to the y axis. The surface tension was computed from the deviation between the normal and the tangential diagonal components of the overall pressure tensor [66, 67] 
Thereby, the normal pressure p N is given by the y component of the diagonal of the pressure tensor, and the tangential pressure p T was determined by averaging over the x and z components of the diagonal of the pressure tensor. The surface area A of each vapor-liquid interface is given by the cross section of the simulation volume normally to the y axis. All thermodynamic properties can be reduced by the Lennard-Jones parameters σ and ǫ, the mass m, as well as the Boltzmann constant k B . This approach reduces the parameters of the Mie fluid as it is studied here to one, the repulsive exponent n. Molecular simulations were performed in the present work for 14 different repulsive exponents ranging from n = 9 to n = 48 (in steps of ∆n = 3). The temperature was varied from approximately 55 to 95 % T c , where T c is the critical temperature of the studied fluids.
The simulations were performed with an extended version of the molecular dy-namics code ls1 mardyn [68, 69] in the canonical ensemble with N = 16,000 particles. Further simulation details are given in the Appendix.
Simulation results

Long-range correction
To validate the LRC, a series of simulations of the Mie fluid in VLE at approximately 55 % of the critical temperature was conducted. Unless a suitable LRC is used, the critical temperature is not reproduced correctly, and permanent homogeneous configurations may be found in the simulation even in the two-phase region significantly below the actual critical temperature. Therefore a temperature close to the triple point temperature was used for the systematic study of the influence of the LRC, so that vapor-liquid equilibria were also obtained for the extreme case of a short cutoff radius without any LRC.
In Fig. 1 , these results are compared to the simulation results with a cutoff radius of r c = 5 σ and the present LRC approach to enable a comparison of various exponents. The results show the importance of the LRC for the heterogeneous simulations carried out in the present study. Without LRC, the results depend on the chosen value for r c very significantly, so that large cutoff radii need to be used, which makes the simulations numerically expensive. For all thermodynamic properties, the results without LRC do eventually converge to a limit, but this limit is not reached even for r c = 5 σ. Galliero et al. [1] showed that the saturated liquid density, vapor pressure and surface tension converge to the correct values if a cutoff radius of at least 7 σ is used for Mie fluids with 8 < n < 20. In contrast, using the LRC presented above, the results depend hardly on the choice of r c , even for small values. Upon increasing r c , the results obtained without LRC converge to those obtained with LRC, but only very slowly [1, 22] . This shows that the LRC as presented above and implemented in ls1 mardyn is correct and efficient. Fig. 1 also shows that the influence of the cutoff radius on the results obtained without LRC depends on the repulsive exponent used in the Mie potential, and that it is larger for small exponents.
[ Figure 1 about here.]
The additional time consumption for the LRC is of the order of 10 % for a cutoff radius of r c = 2.5 σ and becomes negligible for larger cutoff radii [38, 64] . In contrast to Ewald summation based techniques, the LRC based on the density profile can also be applied to large numbers of particles and processing units, due to the low amount of communication needed for the evaluation of the density profile [59] . All simulation results reported below are obtained using the present LRC approach and a constant cutoff radius of r c = 5 σ.
Systematic study of the vapor-liquid equilibrium
Figs. 2 -5 show the results for the vapor pressure p s* , the saturated liquid density ρ ′ * , the saturated vapor density ρ ′′ * , the enthalpy of vaporization ∆h * V and the surface tension γ * obtained for the Mie fluid with 14 different repulsive exponents. Further numerical details are given in Table 1 . The repulsive exponent n has a strong influence of the VLE behavior. As n increases, the critical temperature decreases and the slope of the coexistence curve changes. For higher values of n the ratio of the triple point temperature and the critical temperature increases and therefore simulation were only performed for temperatures above 60 % T c for n ≥ 36.
[ Table 1 For each value of the repulsive exponent n, the simulation results were correlated using the approach by Lotfi et al. [37, 70, 71] . This approach is an extension of the density-temperature dependence given by Guggenheim [72] , i.e. ρ ∼ (T c − T ) 1/3 . The saturated densities from simulation were described by
The parameters
, as well as the critical densities and temperatures were fitted simultaneously to the simulation results and correlated as outlined below, cf. Eqs. (14) - (16) .
The vapor pressure was correlated using the approach by Lotfi et al. [37, 70, 71] ln
The enthalpy of vaporization was correlated using a similar approach as for the saturated liquid density. The first parameter was omitted, so that the enthalpy of vaporization decreases towards zero at the critical point.
Following the principle of corresponding states [72] [73] [74] , the surface tension was correlated here using a critical scaling expression
The individual parameters are correlated as global functions of the repulsive exponent n. It turns out that for correlating the critical temperature and density, the simple forms presented in Eqs. (14) and (15) give good results:
The numbers for a, b, c, d, and e are given in Table 2 .
[ Table 2 about here.]
The individual parameters of the correlations in Eqs. (9) - (13) can be described by similar functional forms dependent on the repulsive exponent n, cf. Eq. 16:
where X is any of the correlation parameters introduced above. The individual parameters α X , β X , η X , δ X for Eq. (16) are given in Table 3 .
[ Table 3 about here.]
The correlations represent the simulation results within the statistical uncertainties in most cases, cf. Figs. 2 -5. Fig. 6 shows the relative deviation of the simulation results from the correlations for the Mie fluid with n = 9, n = 15 and n = 27. The relative mean deviations of the correlations from simulation data is calculated by
where i represents a counter for the different exponents of the Mie fluid and j the different temperatures. The numerical values for the relative mean deviations are 0.19 % for the saturated liquid density, 9.8 % for the saturated vapor density, 1.6 % for the vapor pressure, 0.84 % for the enthalpy of vaporization and 1.9 % for the surface tension. The correlation for the saturated vapor density does not capture the limiting case of the ideal gas and should therefore not be used for temperatures below 0.7 T c [37] .
[ Figure 6 about here.] Fig. 7 shows a comparison of the present critical data with results from the literature. As the repulsive exponent n increases, the critical temperature decreases. The correlation given by Eq. (14) is in very good agreement with the literature data, even for n < 9, i.e. in a range to which it was not adjusted. The critical density increases only very slightly with the repulsive exponent and this trend is well reproduced by the correlation and confirmed by literature data. The results by Okumura and Yonezawa [24] for the critical density are smaller than the present values, but the correlation agrees well with literature data on the Lennard-Jones fluid [70, 75] . The critical pressure was determined with a combination of Eqs. (11) and (14) . As the repulsive exponent n increases, the critical pressure decreases, which is well predicted by the correlation and confirmed by literature data.
[ 9 shows the saturated densities of the Mie fluid. The simulation results from the present work are in very good agreement with the simulation data of Galliero et al. [1] , even though the correlation is extrapolated to n < 9 here as well.
[ The correlations introduced above can be used to adjust model parameters to experimental VLE data. In the present work, the Mie fluid (with three parameters σ, ǫ and n) is compared to the standard 12-6 Lennard-Jones potential (with two parameters σ and ǫ) and the two-center Lennard-Jones plus point quadrupole (2CLJQ) model (with four parameters σ, ǫ, the elongation L and the quadrupole moment Q). Carbon dioxide is used as a test case. There are several 2CLJQ models [4, 40, [76] [77] [78] and three site models with superimposed electrostatics [79] [80] [81] [82] for the description of CO 2 and one model based on a single-site four-parameter Mie potential [7] .
Following the approach introduced by Stöbener et al. [5] , multi-criteria optimization based on Pareto sets is used in the present study. The three objective functions δO are considered here, representing relative mean deviations in the saturated liquid density, the vapor pressure and the surface tension,
where the O exp are calculated by DIPPR correlations to experimental data, and the O sim are obtained from Eqs. (9), (11) and (13) . The thermodynamic properties were evaluated at 15 temperatures T j from the triple point temperature up to 95 % of the critical temperature of carbon dioxide (T c = 304.13 K [83] ) in equal steps. The DIPPR correlations as well as the correlations to the simulation data are subject to errors. As discussed above, the relative mean deviations of the correlations to simulation data are 0.2 %, 1.6 % and 1.9 % for saturated liquid density, the vapor pressure and the surface tension, respectively. The corresponding relative mean deviations for the DIPPR correlations are 0.2 %, 1 % and 4 %, respectively [84] .
The Pareto set for the multicriteria optimization problem described above was determined in different ways depending on the potential: For the LJ and the Mie model, a brute force sampling of the parameter space was performed [4] , while the 2CLJQ Pareto set was determined by a combination of sandwiching and hyperboxing, for details see Stöbener et al. [6] .
For the brute force sampling of the parameters σ, ǫ and n, a sample grid consisting of 200 × 200 × 50 points was used. For the Lennard-Jones potential, the repulsive exponent was fixed and the grid size for σ and ǫ was 200 × 200. Fig. 10 shows the Pareto set determined with respect to two objective functions: the deviation in the saturated liquid density δρ ′ and the vapor pressure δp S . All model parameterizations which are Pareto-optimal for the two-criteria optimization remain Pareto-optimal if the third optimization criterion, i.e. the surface tension, is taken into account. The three different lines correspond to the three different molecular model types. The Lennard-Jones model yields very large errors and is obviously not suited for describing the studied properties of CO 2 . It is therefore not discussed further.
[ Figure 10 about here.]
The Pareto of the two models as depicted in Fig. 10 reveal the typical features: they include different regions: extreme compromises and the so-called Pareto knee.
As an extreme compromise, the deviation in saturated liquid density can be below 0.03 %, however only at the expense of deviations in the vapor pressure of 15 % (2CLJQ) or 18 % (Mie). The deviation in the vapor pressure can be below 0.4 % if deviations in the saturated liquid density of 4 % (2CLJQ) or 5 % (Mie) are accepted. The most attractive part of the Pareto set is usually in between those extreme cases, i.e. in the Pareto knee. The repulsive exponent n varies between 24 and 39, which compares favorably with Avendaño et al. [7] , who used a repulsive exponent of n = 23, but a different dispersive exponent, and Maurer [85] , who used exponents of n = 30 and n = 33 for a perturbation theory. Ramrattan et al. concluded that a repulsive exponent n = 31 should be used for an attractive exponent of m = 6 [23] . Comparing the Pareto set of the Mie and the 2CLJQ model shows that the latter enables a better description of the studied data of CO 2 . Fig.  10 also includes results from some literature models of CO 2 .
Avendaño et al. [7] used a 4 parameter Mie model in which the dispersive exponent of n = 6.66, which was adjusted. The optimization of the model by Avendaño et al. [7] was performed not only with a focus on the vapor pressure and the saturated liquid density, but also on the surface tension and transport properties. The model by Vrabec et al. [40] is a reparameterization of the 2CLJQ model by Möller and Fischer [76] . More complex models in the literature are based on three Lennard-Jones sites and three partial charges, e.g. [79, 80] . These models do not necessarily represent the VLE with a higher accuracy, but instead show higher deviations than the single-site Mie model. Very recently Jiang et al. [82] developed two Buckingham potential models for CO 2 based on Gaussian charges. These models perform very well for transport properties and homogeneous state points, whereas no improvement for description of the vapor-liquid equilibrium is found [82] .
As one possible compromise between the two objectives of minimizing δp S and δρ ′ , a model parameterization is selected here from the Pareto set which reaches an overall agreement of δρ ′ = 0.8 %, δp S = 5.6 %, δ∆h V = 2.1 % and δγ = 23.3 %. The corresponding model parameters are σ = 3.768Å, ǫ / k B = 366 K and n = 39. The representation of the discussed thermodynamics properties of the present Mie model is shown in Figs. 11 to 14 . The saturated liquid density and the vapor pressure were used for the parameterization of the Mie fluid and therefore both properties show a good agreement with experimental data. The enthalpy of vaporization was not used in the parameterization, but the predictions match the experimental data well. The surface tensions are also predictions. There are deviations from experimental data larger than 20 %, which is typical for molecular models which are adjusted in a similar manner [4, 6, 9-12, 22, 86] .
[ Figure 11 To reduce the deviations in the surface tension, the surface tension has to be included in the parameterization. Fig. 15 shows the three dimensional Pareto set of the single-site three-parameter Mie model for CO 2 in the parameter and objective spaces. The surface tension is added to the other two objective functions, i.e. the saturated liquid density and the vapor pressure. The Pareto set of the two-dimensional optimization is a subset of the Pareto set resulting from the three dimensional optimization. Adding a third criterion to the optimization leads to a more complex situation. The surface tension is a competing objective function to the other objective functions, i.e. an optimization in the surface tension leads to a decline in at least one other objective function. It is usually not possible to obtain a good molecular model that represents the saturated liquid density, the vapor pressure and the surface tension with a good accuracy simultaneously [4, 6, 22] .
[ Figure 15 about here.]
Conclusion
In the present work the VLE of the Mie fluid was evaluated by molecular dynamics simulations. The LRC for molecular simulations with planar interfaces from previous work was generalized to the Mie potential. The influence of the LRC on the numerical accuracy for the saturated liquid density, the vapor pressure and the surface tension was studied. The present approach yields very good results, and its dependence on the cutoff radius is weak down to r c = 2.5 σ.
The VLE of the Mie fluid was determined with 14 different values of the repulsive exponent parameter, yielding results for the saturated liquid density, the saturated vapor density, the vapor pressure, the enthalpy of vaporization and the surface tension. A global correlation for the critical properties as well as the VLE properties was developed as a function of the repulsive exponent n. The correlations agree with the simulation data within the statistical uncertainties in most cases and are also in very good agreement with available simulation data on the Mie fluid from the literature.
Based on these correlations, new molecular models of the Mie type can easily be developed. As an example, CO 2 is studied. The parameterization of the Mie model of CO 2 is based on the correlations established in the present study. Multicriteria optimization is used. The Pareto set gives an overview how well the Mie model can represent the studied properties, which are saturated liquid density, vapor pressure and surface tension. It is possible to obtain a molecular model that represents the saturated liquid density and the vapor pressure with 0.8 % and 5.6 % deviation, respectively. However, the average deviation of this model from the experimental surface tension is comparably high (23 %). These results can therefore be used for tuning the three-parameter Mie potential for CO 2 to individual needs. Furthermore, the correlations of the different properties enable a swift development of Mie models for other fluids.
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Appendix Molecular simulation details
The simulations were performed in the canonical ensemble. The equation of motion was solved by a leapfrog integrator [87] with a time step of ∆t = 0.001 σ m/ǫ. The elongation of the simulation volume normal to the interface was 80 σ and the thickness of the liquid film in the center of the simulation volume was 40 σ to account for finite size effects [88] . The elongation in the other spatial directions was at least 20 σ. The equilibration was executed for 500,000 time steps. The production was conducted for 2,500,000 time steps to reduce statistical uncertainties. Throughout the present work, the statistical errors were estimated to be three times the standard deviation of five block averages, each over 500,000 time steps. The saturated densities and vapor pressures were calculated as an average over the respective phases excluding the area close to the interface, i.e. the area where the first derivative of the density with respect to the y coordinate deviated from zero significantly. (14), (15) and (11) (9) and (10), and the solid line represents correlations to experimental data [83] . The simulation uncertainties are smaller than the symbol size in all cases. (12) (7) 0.14(3) 0.8073 0.0614 (38) (9) 0.07(2) 
